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PROPERTIES OF MEAN DIMENSION AND METRIC MEAN DIMENSION
COMING FROM THE TOPOLOGICAL ENTROPY
JEOVANNY DE JESUS MUENTES ACEVEDO AND CARLOS RAFAEL PAYARES GUEVARA
Abstract. In the late 1990’s, M. Gromov introduced the notion of mean dimension for a
continuous map, which is, as well as the topological entropy, an invariant under topological
conjugacy. The concept of metric mean dimension for a dynamical system was introduced
by Lindenstrauss and Weiss in 2000. In this paper we will verify which properties coming
from the topological entropy map are valid for both mean dimension and metric mean di-
mension. In particular, we will prove that the metric mean dimension map is not continuous
anywhere on the set consisting of continuous maps on both the Cantor set, the interval or the
circle. Finally we prove that the metric mean dimension on the set consisting of continuous
map on the interval and on the circle is not lower semi-continuous.
1. Introduction
Let X be a compact metric space with metric d. The notion of mean dimension for a
topological dynamical system (X, φ), which will be denoted by mdim(X, φ), was introduced
by M. Gromov in [3]. It is another invariant under topological conjugacy. Applications of
the mean dimension to the embedding of dynamical systems problem can be found in [4],
[5], [10], [11], [12], [13] (these applications are summarized in the introduction of [17]).
Lindestrauss and Weiss in [11], introduced the notion of metric mean dimension for any
continuous map φ on X. It notion depends on the metric d on X (consequently it is not
invariant under topological conjugacy) and it is zero for any map with finite topological
entropy. Some well-known properties of the topological entropy are valid for both the mean
dimension and the metric mean dimension. Then it is a very interesting work to study which
other properties of the entropy are maintained by the mean dimension and the metric mean
dimension.
Let dim(X) be the topological dimension of X, dimH(X, d) is the Hausdorff dimension
of X with respect to d, dimB(X, d) is the lower box dimension of X with respect to d and
dimB(X, d) is the upper box dimension of X with respect to d. We have
dim(X) ≤ dimH(X, d) ≤ dimB(X, d) ≤ dimB(X, d),
(see [8], Section II, A). In [11], Proposition 3.1, is proved that mdim(XZ, σ) ≤ dim(X),
where σ is the shift map on XZ. In Section 2 we will present the definitions of the lower
metric mean dimension of (X, φ, d) (denoted by mdimM(X, φ, d)) and the upper metric mean
dimension of (X, φ, d) (denoted by mdimM(X, φ, d)). In [17], Theorem 4.4 and [18], The-
orem 5, is proved that for K = Z or N, we have mdimM(X
K, σ, d˜) = dimB(X, d) and
mdimM(X
K, σ, d˜) = dimB(X, d). This fact implies that mdimM(X, φ, d) ≤ dimB(X, d) and
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mdimM(X, φ, d) ≤ dimB(X, d) for any continuous map φ on X (see [17], Proposition 4.5
and [18], Remark 4). Consequently, if dimB(X, d) is finite, then mdimM : C
0(X) → R is
bounded.
One of the most studied problem on the topological entropy is its continuity (see [1],
[16], [19]). Note that if φ is any differentiable map, then htop(φ) < ∞ and therefore
φ has zero metric mean dimension (see Remark 2.6). Then, mdimM : C
r(X) → R,
φ 7→ mdimM(X, φ, d), is obviously continuous for r ≥ 1. Hence, it remains to analyze
the continuity of mdimM : C
r(X) → R only for r = 0. Now, Yano in [19] proved that
the topological entropy map is continuous on any continuous map, defined on a manifold,
with infinite topological entropy. On the interval there exists continuous maps with positive
metric mean dimension (see Example 3.4). We could expect that the metric mean dimen-
sion map to be continuous on maps with maximum metric mean dimension (that is, maps
on the interval with metric mean dimension equal to 1). However, Example 4.6 proves the
opposite. On the other hand, Block, in [1], proved that htop is not continuous anywhere on
the set consisting of continuous map on the Cantor set. Furthermore, he showed that if X is
the interval or the circle, the topological entropy map is not continuous on continuous maps
on X with finite topological entropy. In Section 4 we will prove that mdimM : C
0(X) → R
is not continuous anywhere when X is the Cantor set, the interval or the circle. A corollary
of the proof of this fact is that the set {φ ∈ C0([0, 1]) : mdimM([0, 1], φ, | · |) = 1} is dense in
C0([0, 1]) (see Corollary 4.9).
The map htop : C
0([0, 1]) → R ∪ {∞} is lower semi-continuous (see [14]). However
htop : C([0, 1]) → R∪{∞} is not lower semi-continuous, where C([0, 1]) is the set consisting
of non-autonomous dynamical systems on [0, 1] (see [9]). htop : C([0, 1]) → R ∪ {∞} is
lower semi-continuous on any constant sequence (φ, φ, . . . ) ∈ C(X). We will prove that the
metric mean dimension on both C([0, 1]) and C([0, 1]) is not lower semi continuous (see
Section 5).
Next, we present the structure of the paper. In the next section we will present the defini-
tions of the mean dimension and the metric mean dimension for continuous maps and non-
autonomous dynamical systems. In Section 3 we will recall some well-known properties
of the topological entropy map and we will discuss what of these properties are also valid
for the the mean dimension map and the metric mean dimension map. We will consider
the cases of single maps and non-autonomous dynamical systems. Examples 3.1 (which
proves that the metric mean dimension depends on the metric on X) and 3.8 (which proves
that the metric mean dimension of the direct product of two maps can be strictly smaller
that the sum of the metric mean dimension of each map) are provided by the authors. The
continuity and the semi continuity of mdimM will be discussed in Sections 4 and 5.
2. Mean dimension and metric mean dimension
Let X be a compact metric space endowed with a metric d. In this section we will
define the mean dimension and the metric mean dimension for non-autonomous dynamical
systems (see [17]) and for single continuous maps (see [11]), since some properties will
proved in the next section hold for both non-autonomous and autonomous systems. Suppose
that f = ( fn)n∈N is a non-autonomous dynamical system, where fn : X → X is a continuous
map for all n ≥ 1. We write (X, f, d) to denote a non-autonomous dynamical system f on X.
For n, k ∈ N define
f
(0)
n := IX := the identity on X and f
(k)
n (x) := fn+k−1 ◦ · · · ◦ fn(x) for k ≥ 1.
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Set
C(X) = {( fn)n∈N : fn is continuous on X} and C
0(X) = {φ : φ is continuous on X}.
Single continuous map are classified by topological conjugacy. Non-autonomous dynamical
systems are classified by uniform equiconjugacy:
Definition 2.1. We say that the systems f = ( fn)n∈N ∈ C(X) and g = (gn)n∈N ∈ C(Y), where
Y is a compact metric space, are uniformly equiconjugate if there exists a equicontinuous
sequence of homeomorphisms hn : X → Y (which will be called a uniform equiconjugacy)
so that hn+1 ◦ fn = gn ◦ hn, for all n ∈ N. In the case where hn = h, for all n ∈ N, we say that
f and g are uniformly conjugate.
Given α an open cover of X define
αn−10 = α ∨ f
−1
1 (α) ∨ ( f
(2)
1
)−1(α) ∨ · · · ∨ ( f
(n−1)
1
)−1(α)
and set
ord(α) = sup
x∈X
∑
U∈α
1U(x) − 1 and D(α) = min
β≺α
ord(β),
where 1U is the indicator function and β ≺ α means that β is a partition of X finner than α.
Definition 2.2. The mean dimension of f ∈ C(X) is defined to be
mdim(X, f ) = sup
α
lim
n→∞
D(αn−1
0
)
n
. (2.1)
The mean dimension of a continuous map φ : X → X will be denoted by mdim(X, φ).
Remark 2.3. In [17], Remark 2.2, we provide a list of properties of the mean dimension.
For any non-negative integer n we define dn : X × X → [0,∞) by
dn(x, y) = max{d(x, y), d( f1(x), f1(y)), . . . , d( f
(n−1)
1
(x), f
(n−1)
1
(y))}.
Fix ε > 0. We say that A ⊂ X is a (n, f, ε)-separated set if dn(x, y) > ε, for any two distinct
points x, y ∈ A. We denote by sep(n, f, ε) the maximal cardinality of a (n, f, ε)-separated
subset of X. Furthermore, let cov(n, f, ε) denotes the minimum number of ε-balls in the dn-
metric to cover X. We say that E ⊂ X is a (n, f, ε)-spanning set if for any x ∈ X there exists
y ∈ E so that dn(x, y) < ε. Let span(n, f, ε) be the minimum cardinality of (n, f, ε)-spanning
subset of X. Given an open cover α, we say that α is a (n, f, ε)-cover if the dn-diameter of any
element of α is less than ε. Let cov(n, f, ε) be the minimum cardinality of a (n, f, ε)-cover.
By the compacity of X, sep(n, f, ε), span(n, f, ε) and cov(n, f, ε) are finite real numbers.
Definition 2.4. The topological entropy of (X, f, d) is defined by
htop(f ) = lim
ε→0
sep(f, ε) = lim
ε→0
span(f, ε) = lim
ε→0
cov(f, ε), (2.2)
respectively, where sep(f, ε) = lim
n→∞
1
n
log sep(n, f, ε), span(f, ε) = lim
n→∞
1
n
log span(n, f, ε) and
cov(f, ε) = lim
n→∞
1
n
log cov(n, f, ε).
For any continuous map φ : X → X, we denote the topological entropy of φ by htop(φ).
Definition 2.5. We define the lower metric mean dimension of (X, f, d) and the upper metric
mean dimension of (X, f, d) by
mdimM(X, f, d) = lim inf
ε→0
sep(f, ε)
| log ε|
and mdimM(X, f, d) = lim sup
ε→0
sep(f, ε)
| log ε|
, (2.3)
respectively.
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It is not difficult to see that
mdimM(X, f, d) = lim inf
ε→0
span(f, ε)
| log ε|
= lim inf
ε→0
cov(f, ε)
| log ε|
.
The same holds for the upper metric mean dimension.
For any continuous map φ : X → X, we denote the lower metric mean dimension and the
upper metric mean dimension of φ by mdimM(X, φ, d) and mdimM(X, φ, d), respectively.
The inequalities
mdim(X, f ) ≤ mdimM(X, f, d) ≤ mdimM(X, f, d) < htop(f )
always hold. The proof for the first inequality for single map can be seen in [11], Theorem
4.2, and for non-autonomous dynamical systems in [17], Theorem 3.7.
Remark 2.6. Following the definition of topological entropy for non-autonomous dynam-
ical systems introduced in [9] one can see that if the topological entropy of the system
(X, f, d) is finite then its metric mean dimension is zero.
Remark 2.7. Throughout the paper, we will omit the underline and the overline on the
notations of the mean dimension and on the metric mean dimension when the result be
valid for both cases.
3. Properties coming from the topological entropy map
In this section we will verify what properties coming from the topological entropy map
(which are well-known) are also valid for the map Φ as being the topological entropy map,
the mean dimension map and the metric mean dimension map, for both, autonomous and
non-autonomous dynamical systems. These properties are:
i) Invariance under conjugacy.
ii) Φ(φp) = pΦ(φ), where φ is a continuous map or a sequence of continuous map on X.
iii) Boundedness.
iv) Monoticity for the case of non-autonomous dynamical systems.
v) Φ(φ × ψ) = Φ(φ) + Φ(ψ) for any continuous maps φ and ψ on X.
Throughout this section, f = ( fn)n∈N will be denotes a non-autonomous dynamical system
in C(X) and φ : X → X a continuous map.
Firstly, we will discuss about i). One of the most important properties of the topological
entropy is that it is invariant by topological conjugacy. It is also an invariant under uniform
equiconjugacy between non-autonomous dynamical systems (see [9] and [15]). Mean di-
mension (for both, autonomous and non-autonomous dynamical systems) is invariant under
topological conjugacy (see [17], Theorem 5.1). In the next example we prove that the metric
mean dimension for single continuous maps depends on the metric d on X. Consequently,
it is not an invariant under topological conjugacy between continuous maps and therefore it
is not an invariant under uniform equiconjugacy between non-autonomous dynamical sys-
tems.
From now on, we will consider the metric d˜ on XK defined by
d˜(x¯, y¯) =
∑
i∈K
1
2|i|
d(xi, yi) for x¯ = (xi)i∈K, y¯ = (yi)i∈K ∈ X
K. (3.1)
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Example 3.1. Let dimB(X, d) and dimB(X, d) be respectively the upper and lower box di-
mension of X with respect to d. In [17], Theorem 4.4 and [18], Theorem 5, is proved that
for K = Z or N, we have
mdimM(X
K, σ, d˜) = dimB(X, d) and mdimM(X
K, σ, d˜) = dimB(X, d). (3.2)
Consequently, if X1 = S
1 endowed with the metric d1 inherited from R
2, we have
mdimM(X
K
1 , σ, d˜1) = mdimM(X
K
1 , σ, d˜1) = 1.
Let X2 be the Koch curve endowed with the metric d2 inherited from the plane R
2. There-
fore, dimB(X2, d2) =
log 4
log 3
and hence
mdimM(X
K
2 , σ, d˜2) = mdimM(X
K
2 , σ, d˜2) = dimB(X2, d2) =
log 4
log 3
.
Since X1 and X2 are homeomorphic, (X
Z
1
, σ) and (XZ
2
, σ) are topologically conjugate, how-
ever their metric mean dimensions are different.
Set B = {ρ : ρ is a metric on X equivalent to d} and take
mdimM(X, f ) = inf
ρ∈B
mdimM(X, f, ρ) and mdimM(X, f ) = inf
ρ∈B
mdimM(X, f, ρ).
Both mdimM(X, φ) and mdimM(X, φ) are invariant under topological conjugacy for single
continuous maps. For non-autonomous dynamical systems we have (see [17], Theorem
5.1):
Theorem 3.2. If f and g are uniformly equiconjugate by a sequence of homeomorphisms
(hn)n∈N such that infn{d(h
−1
n (y1), h
−1
n (y2)), d(hn(x1), hn(x2))} > 0 for any x1, x2, y1, y2 ∈ X,
then
mdimM(X, f ) = mdimM(X, g) and mdimM(X, f ) = mdimM(X, g).
About ii). It is well-known that htop(φ
p) = p htop(φ) for any p ≥ 1. For the case of non-
autonomous dynamical systems, we have the inequality htop(f
(p)) ≤ p htop(f ), where f
(p)
=
{ f
(p)
1
, f
(p)
p , f
(p)
2p
, . . . } (see [9], Lemma 4.2). In general, the equality htop(f
(p)) = p htop(f ) is
not valid, as we can see in the next example, which was given by Kolyada and Snoha in [9].
Example 3.3. Take ψ : [0, 1] → [0, 1] defined by ψ(x) = 1 − |2x − 1| for any x ∈ [0, 1].
Consider f = ( fn)n∈N, where
fn(x) =

ψ(n+1)/2(x), if n is odd,
x/2n/2, if n is even,
for any n ∈ N. Then htop(f
(2)) = 0 and htop(f ) ≥
log 2
2
.
The equality htop(f
(p)) = p htop(f ) holds if the sequence f = ( fn)n∈N is equicontinuous
(see [9], Lemma 4.4).
Next, for any p ≥ 1 we have mdim(X, φp) = pmdim(X, φ) (see [11], Proposition 2.7).
In [17], Proposition 2.3, we proved that mdim(X, f (p)) = pmdim(X, f ). For the metric mean
dimension case, the inequality mdimM(X, f
(p)) ≤ pmdimM(X, f ) always hold. However,
this inequality can be strict for single continuous map (and hence for non-autonomous dy-
namical systems), as we can see in the next example (see [17], Example 4.7).
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Example 3.4. Take g : [0, 1] → [0, 1], defined by x 7→ |1 − |3x − 1||, and 0 = a0 < a1 <
· · · < an < · · · , where an =
∑n
k=1 6/pi
2k2 for n ≥ 1. For each n ≥ 1, let Tn : Jn :=
[an−1, an] → [0, 1] be the unique increasing affine map from Jn (which has length 6/pi
2n2)
onto [0, 1] and take any strictly increasing sequence of natural numbers mn. Consider the
continuous map ψ : [0, 1] → [0, 1] such that, for each n ≥ 1, ψ|Jn = T
−1
n ◦ g
mn ◦ Tn. In [17],
Example 4.7, we proved that mdimM([0, 1], ψ, | · |) = 1. On the other hand, by Proposition
4.5 in [17], mdimM([0, 1], ϕ, | · |) ≤ 1 for any continuous map ϕ : [0, 1] → [0, 1]. Therefore
mdimM([0, 1], ψ
2, | · |) ≤ 1 < 2mdimM([0, 1], ψ, | · |) = 2.
Given that 0 and 1 are fixed points of ψ, it induces a map on the circle with metric mean
dimension equal to 1.
A s-horseshoe for φ : [0, 1] → [0, 1] is an interval J ⊆ [0, 1] which have a partition into s
subintervals J1, . . . , Js such that J ⊆ φ(Ji) for each i = 1, . . . , s. If φ has a s-horseshoe with
s ≥ 2, then htop(φ) ≥ log s. In the above example, each Jn can be divided into 3
mn closed
intervals with the same length Jn(1), . . . , Jn(3
mn ), such that
ψ(Jn(i)) = Jn for each i ∈ {1, . . . , 3
mn }
(see [17], Example 4.7). Consequently, each Jn is a 3
mn-horseshoe for ψ, for each n ∈ N.
A question that arise of this fact is: how can we relate the metric mean dimension with the
existence of horseshoes?
iii) Boundedness. Note that if there exists a continuous map ψ : X → X with htop(ψ) > 0,
then htop(ϕ) is unbounded as ϕ ranges over the continuous maps on X (since htop(ψ
p) =
phtop(ψ) for any p ≥ 1). Therefore, or htop(φ) = 0 for any φ or htop(φ) is unbounded as ψ
ranges over the continuous maps on X.
If the topological dimension of X is finite, then mdim(X, φ) = 0 (see [11]). On the other
hand, if X has infinite topological dimension and there exists a continuous map on X with
positive mean dimension then the mean dimension is unbounded (since mdim(X, φp) =
pmdim(X, φ) for any p ≥ 1), that is, or mdim(X, φ) = 0 for any φ or mdim(X, φ) is un-
bounded as φ ranges over the continuous maps on X.
The equalities in Equation 3.2 allow us to prove the following proposition (see [17],
Proposition 4.5 and [18], Remark 4).
Proposition 3.5. For any φ : X → X we have
mdimM(X, φ, d) ≤ dimB(X, d) and mdimM(X, φ, d) ≤ dimB(X, d).
For instances, if X = [0, 1], endowed with the metric d(x, y) = |x − y| for x, y ∈ X, then
mdimM(X, φ, d) ≤ mdimM(X, φ, d) ≤ 1. Example 3.4 shows that there exists a continuous
map ψ : X → X such that mdimM(X, ψ, d) = mdimM(X, ψ, d) = 1.
On the other hand, mdimM(X, f, d) can be unbounded as f ranges over the elements in
C(X), regardless of the box dimension of X (see [17], Example 4.8). Any sequence of
homeomorphisms on both the interval or the circle has zero topological entropy (see [9],
Theorem D). Therefore, the metric mean dimension of any f on both the interval or the
circle is zero. In the next example we will see that there exist non-autonomous dynamical
systems consisting of diffeomorphisms on a surface with infinite metric mean dimension.
Example 3.6. Let φ : T2 → T2 be the diffeomorphism induced by a hyperbolic matrix A
with eigenvalue λ > 1, where T2 is the torus endowed with the metric d inherited from the
plane. Consider f = ( fi)i∈N where fi = φ
2i for each i ≥ 1. We have Fix(φn) = λn + λ−n − 2,
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where Fix(ψ) is the set consisting of fixed points of a continuous map ψ (see [7], Proposition
1.8.1). Furthermore,
sep(n, f, 1/4) ≥ sep(2n, φ, 1/4) ≥ Fix(φ2
n
) = λ2
n
+ λ−2
n
− 2
(see [7], Chapter 3, Section 2.e). Therefore,
lim
n→∞
sep(n, f, 1/4)
n
≥ lim
n→∞
log λ2
n
n
= ∞,
and hence mdimM(T
2, f, d) = ∞.
iv) Monoticity for the case of non-autonomous dynamical systems: In [9], Lemma 4.5,
Kolyada and Snoha proved that htop(σ
i(f )) ≤ htop(σ
j(f )) for any i ≤ j, where σ is the
right shift σ(( fn)n∈N) = ( fn+1)n∈N. Furthermore, in [15], Corollary 5.6, the author showed
that if each fi is a homeomorphism then the equality holds, that is, the topological entropy
for non-autonomous dynamical systems is independent on the first maps on a sequence of
homeomorphisms f = ( fn)n∈Z. These properties are also valid for the mean dimension of
non-autonomous dynamical systems (see [17], Proposition 2.4). Furthermore, we have if
f = ( fn)n∈N converges uniformly to a continuous map f : X → X, then
lim
n→∞
htop(σ
n(f )) ≤ htop( f ) (see [9], Theorem E)
lim
n→∞
mdim(X, σn(f )) ≤ mdim(X, f ) (see [17], Theorem 2.6)
lim sup
n→∞
mdimM(X, σ
n(f )) ≤ mdimM(X, f ) (see [17], Theorem 3.8).
All the inequalities can be strict (see [9], Section d, and [17], Example 2.7).
Finally, we discuss v). Take φ : X → X and ψ : Y → Y where Y is a compact metric
space with metric d′. On X × Y we consider the metric
(d × d′)((x1, y1), (x2, y2)) = d(x1, x2) + d
′(y1, y2), for x1, x2 ∈ X and y1, y2 ∈ Y. (3.3)
The map φ × ψ : X × Y → X × Y is defined to be (φ × ψ)(x, y) = (φ(x), ψ(y)) for any
(x, y) ∈ X × Y . The equality htop(φ × ψ) = htop(φ) + htop(ψ) always hold. Lindenstrauss in
[11], Proposition 2.8, proved that mdim(X × Y, φ × ψ) ≤ mdim(X, φ) +mdim(Y, ψ) and this
inequality can be strict. For metric mean dimension we also have:
Proposition 3.7. The inequality
mdimM(X × Y, φ × ψ, d × d
′) ≤ mdimM(X, φ, d) +mdimM(Y, ψ, d
′)
is valid.
In the next example we will prove that the above inequality can be strict.
Example 3.8. Let (X, d) and (Y, d′) be any compact metric spaces such that
dimB(X × Y, d × d
′) < dimB(X, d) + dimB(Y, d
′).
The metric d˜ × d˜′ on XZ × YZ is defined by
(d˜ × d˜′)((x¯, y¯), (z¯, w¯)) =
∑
i∈Z
1
2|i|
d(xi, zi) +
∑
i∈Z
1
2|i|
d′(yi,wi),
for x¯ = (xi)i∈Z, z¯ = (zi)i∈Z ∈ X
Z, y¯ = (yi)i∈Z, w¯ = (wi)i∈Z ∈ Y
Z (see (3.1) and (3.3)).
Furthermore, the metric (d × d′)∗ on (X × Y)Z is given by
(d × d′)∗((x, y), (z,w)) =
∑
i∈Z
1
2|i|
(d × d′)((xi, yi), (zi,wi))
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=
∑
i∈Z
1
2|i|
d(xi, zi) +
∑
i∈Z
1
2|i|
d′(yi,wi),
for (x, y) = (xi, yi)i∈Z and (z,w) = (zi,wi)i∈Z in (X × Y)
Z. Consequently, the bijection
Θ : (X × Y)Z → XZ × YZ, given by (xi, yi)i∈Z 7→ ((xi)i∈Z, (yi)i∈Z),
is an isometry and furthermore the diagram
(X × Y)Z
σ
−−−−−→ (X × Y)Z
yΘ
yΘ
XZ × YZ
σ1×σ2
−−−−−→ XZ × YZ
is commutative, where σ is the shift on (X × Y)Z, σ1 is the shift on X
Z and σ2 is the shift
on YZ. It is clear that the metric mean dimension is invariant under isometric topological
conjugacy. Therefore,
mdimM(X
Z × YZ, σ1 × σ2, d˜1 × d˜2) = mdimM((X × Y)
Z, σ, (d × d′)∗)
= dimB(X × Y, d × d
′) < dimB(X, d) + dimB(Y, d
′)
= mdimM(X
Z, σ1, d˜) +mdimM(Y
Z, σ2, d˜
′).
We finish this section with a remark. If φ : X → X is a factor of ψ : Y → Y then
htop(φ) ≤ htop(ψ). This fact is not valid for the (metric) mean dimension (see [11]). Indeed,
let C be the Cantor set and take a surjective continuous map Φ : C → [0, 1]. We have that
([0, 1]Z, σ) is a factor of (CZ, σ) with factor mapping
Φ˜ : CZ → [0, 1]Z
(. . . , x−1, x0, x1, . . . ) 7→ (. . . ,Φ(x−1),Φ(x0),Φ(x1), . . . ).
Both ([0, 1]Z, σ) and (CZ, σ) have infinite topological entropy. However,
0 = mdim(CZ, σ) < mdim([0, 1]Z, σ) = 1
and
log 2
log 3
= mdimM(C
Z, σ, d˜) < mdimM([0, 1]
Z, σ, d˜) = 1.
4. On the continuity of the (metric) mean dimension
Block, in [1], studied the continuity of the topological entropy map on the set consisting
of continuous maps on the Cantor set, the interval and the circle. Following the ideas of
Block, in this section we will study the continuity of the mean dimension on the set of
continuous maps on the product space XK, for K = Z o N, and furthermore the continuity
of the metric mean dimension map on the set consisting of continuous maps on the product
XK for K = Z or N, the Cantor set, the interval and the circle.
On C0(X) we will consider the metric
d(φ, ϕ) = max
x∈X
d(φ(x), ϕ(x)) for any φ, ϕ ∈ C0(X). (4.1)
Note that if d′ is other metric on X which induces the same topology that d on X, then
d′(φ, ϕ) = maxx∈X d
′(φ(x), ϕ(x)), for any φ, ϕ ∈ C0(X), induces the same topology that the
metric d defined on (4.1) on C0(X). Therefore, the continuity of mdim : C0(X) → R ∪ {∞}
and mdimM : C
0(X) → R ∪ {∞} does not depend on equivalent metrics on X.
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Note that when the topological dimension of X is finite, for any continuous map φ on X
we have mdim(X, φ) = 0 (see [11]), and therefore mdim : C0(X) → R, φ 7→ mdim(X, φ),
is the zero constant map. Hence, it remains to study the continuity of mdim : C0(X) → R
when dim(X) = ∞. Particular cases of infinite dimensional spaces are the product spaces
XZ or XN.
Theorem 4.1. Take K = N or Z. If there exist ψ ∈ C0(XK) with positive (metric) mean
dimension, then the mapmdimM : C
0(XK) → R∪{∞} (the mapmdim : C0(XK) → R∪{∞})
is not continuous anywhere.
Proof. We will prove the case K = N (the case K = Z is analogous). Fix a continuous map
φ : XN → XN. Set x¯ = (x1, x2, . . . ) ∈ X
N and assume that φ(x1, x2, . . . ) = (y1(x¯), y2(x¯), . . . ).
First, suppose that mdimM(X
N, φ, d˜) > 0 (mdim(XN, φ) > 0). Consider the sequence of
continuous maps on XN, (φn)n∈N, defined by
φn(x¯) = (y1(x¯), y2(x¯), . . . , yn(x¯), x0, x0, . . . ) for any n ∈ N and some x0 ∈ X.
It is clear that mdimM(X
N, φn, d˜) = 0 (mdim(X
N, φn) = 0) for any n ∈ N and φn converges
uniformly to φ as n → ∞.
Now, assume that mdimM(X
N, φ, d˜) = 0 (mdim(XN, φ) = 0). Consider the sequence of
continuous maps on XN, (φn)n∈N, where for any n ≥ 1, φn is defined by
φn(x¯) = (y1(x¯), y2(x¯), . . . , yn(x¯), z1(x¯), z2(x¯), . . . ), for any x¯ ∈ X
N,
where (z1(x¯), z2(x¯), . . . ) = ψ(x¯) and ψ is continuous with positive (metric) mean dimension.
Then φn converges uniformly to φ as n → ∞. We can to prove that mdimM(X
N, φn, d˜) =
mdimM(X
N, ψ, d˜) for any n ≥ 1 (mdim(XN, φn) = mdim(X
N, ψ) for any n ≥ 1). 
Any x ∈ [0, 1] is written in base 3 as
x =
∞∑
i=n
xn3
−n where xn ∈ {0, 1, 2}.
A number x belongs to the middle third Cantor set if and only if no xn is equal to one.
Therefore, we can consider
C = {(x1, x2, . . . ) : xn = 0, 2 for n ∈ N} = {0, 2}
N (4.2)
as being the Cantor set endowed with the metric
d((x1, x2, . . . ), (y1, y2, . . . )) =
∞∑
i=1
3−n|xn − yn| = |
∞∑
i=1
xn3
−n −
∞∑
i=1
yn3
−n|. (4.3)
Bobok and Zindulka shown that if X is an uncountable compact metrizable space of topo-
logical dimension zero, then given any a ∈ [0,∞] there is a homeomorphism on X whose
topological entropy is a. In particular, there exist homeomorphisms on the Cantor set with
infinite topological entropy. In the next example we prove that there exists a homeomor-
phism on the Cantor ser with maximummetric mean dimension (the metric mean dimension
of any map on C0(C) is less or equal to
log 2
log 3
by Proposition 3.5).
Example 4.2. For any k ≥ 1 and z1, . . . zk ∈ {0, 2}, set
Cz1,...,zk = {(z1, . . . , zk, x1, x2, . . . ) : x j ∈ {0, 2} for j ≥ 1}.
Note that if (z1, . . . , zk) , (w1, . . . ,wk), then Cz1,...,zk ∩ Cw1 ,...,wk = ∅ for j, l = 1, 2. Further-
more, each Cz1,...,zk is homeomorphic to C via the homeomorphism
Tz1,...,zk : Cz1,...,zk → C, (z1, . . . , zk, x1, x2, . . . ) 7→ (x1, x2, . . . ),
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which is Lipschitz. Take ψ : C → C defined by
ψ|Cz1 ,...,zk = T
−1
z1,...,zk
σkTz1,...,zk .
For any k ≥ 1, take εk > 0 such that 3
−(k+1) ≤ εk < 3
−k. If A ⊆ C is a (nk, σ, εnk)-separated
set, then
A˜ = {(z1, . . . , zk, x1, . . . , xn, . . .) : (x1, . . . , xn, . . .) ∈ A} ⊆ Cz1,...,zk
is a (n, ψ, εk)-separated set. Therefore sep(n, ψ, εk) ≥ 2
nk and hence
log sep(n, ψ, εk)
n| log εk|
≥
log(2nk)
n log(3k)
≥
nk log 2
nk log 3
=
log 2
log 3
.
Therefore
log 2
log 3
≥ mdimM(C, ψ, d) ≥ mdimM(C, ψ, d) ≥
log 2
log 3
,
that is, mdimM(C, ψ, d) =
log 2
log 3
.
It follows from (4.2), Theorem 4.1 and Example 4.2 that:
Theorem 4.3. The map mdimM : C
0(C) → R is not continuous anywhere.
It is well-known that any perfect, compact, metrizable, zero-dimensional space is homeo-
morphic to the middle third Cantor set (see [6], 6.2.A(c)). Hence, suppose that X is a perfect,
compact, metrizable, zero-dimensional space and let ψ : X → C be an homeomorphism.
Consider the metric on X given by
dψ(x, y) = d(ψ(x), ψ(y)) for x, y ∈ X,
where d is the metric given in (4.3). It follows from Theorem 4.3 that:
Corollary 4.4. The map mdimM : C
0(X, dψ) → R is not continuous anywhere. There-
fore, for any perfect, compact, metric, zero-dimensional space (X, d), the map mdimM :
C0(X, d) → R is not continuous anywhere.
Proposition 3.5 says for any φ : X → X we have mdimM(X, φ, d) ≤ dimB(X, d) and
mdimM(X, φ, d) ≤ dimB(X, d). However, there exist compact metric spaces X with positive
box dimension such that any continuous map on X has zero metric mean dimension, as we
will see in the next example.
Example 4.5. Let A = {0} ∪ {1/n : n ≥ 1} endowed with the metric d(x, y) = |x − y| for
x, y ∈ A. In [8], Lemma 3.1, is proved that dimB(A) = 1/2. However, for any countable,
compact metric space X and any continuous map φ : X → X we have htop(φ) = 0 (see [2],
Proposition 5.1). Consequently, mdimM(X, φ, d) = 0 for any continuous map φ on X.
Note that the set A in the above example is compact, countable zero topological dimen-
sional. An example such that the space X is compact, uncountable and zero topological
dimensional and such that any continuous map on X has zero metric mean dimension can
be seen in [2], Proposition 5.4.
Next, we will consider the cases X = [0, 1] and X = S1 (the unitary circle) endowed with
the metric inherited from the line. In [19], Corollary 1.1, Yano proved that htop : C
0(X) →
R ∪ {∞} is continuous on any map with infinite topological entropy. We could expect that
mdimM to be continuous in maps with metric mean dimension equal to 1. However, the
following example will show the opposite.
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Example 4.6. Consider the continuous map ψ constructed on Example 3.4, which has met-
ric mean dimension equal to 1. For each n ≥ 1, take mn = n and
ψn(x) =

ψ(x), if x ∈ [0, an+1],
x, if x ∈ [an+1, 1].
Thus ψn converges uniformly to ψ as n → ∞. Note that mdimM([0, 1], ψn, | · |) = 0 for any
n ≥ 1. Therefore, mdimM is not continuous on ψ.
Theorem 4.7. The map mdimM : C
0([0, 1]) → R is not continuous anywhere.
Proof. Let φ ∈ C0([0, 1]). First, we will suppose that mdimM([0, 1], φ, | · |) < 1. Choose a
fixed point x0 of φ. First, suppose that x0 < 1. Fix ε > 0. There exists δ ∈ (0,min{ε/2, 1 −
x0}) such that if |x − x0| < δ then |φ(x) − x0| < ε/2. Let T : [x0, x0 + δ/2] → [0, 1] be the
unique increasing affine map from [x0, x0 + δ/2] onto [0, 1]. Define ϕ on [x0, x0 + δ/2] by
ϕ = T−1ψT , where ψ is the continuous map of the Example 3.4. Note that ϕ(x0) = x0 and
ϕ(x0 + δ/2) = x0 + δ/2. Define ϕ linearly on [x0 + δ/2, x0 + δ] onto [x0 + δ/2, φ(x0 + δ)] (or
onto [φ(x0 + δ), x0 + δ/2] if φ is decreasing on [x0 + δ/2, x0 + δ]) and take ϕ(x) = φ(x) for
any x ∈ [0, 1] \ [x0, x0 + δ]. If x ∈ [x0, x0 + δ], then
|φ(x) − ϕ(x)| ≤ |φ(x) − x0| + |x0 − ϕ(x)| < ε.
Consequently, d(φ, ϕ) < ε. Furthermore,
mdimM([0, 1], ϕ, | · |) = mdimM([0, 1], ψ, | · |) = 1 > mdimM([0, 1], φ, | · |),
which proves the theorem for x0 , 1. If x0 = 1, we can make the construction above on the
interval [x0 − δ/2, x0].
Now, if mdimM([0, 1], φ, | · |) = 1, we have htop(φ) = ∞ and hence the set consisting
of periodic points of φ is infinite. Take a periodic point x1 of φ, being an accumulation
point of the set consisting of periodic points of φ. Let ε > 0. Choose δ1 > 0 such that
d(φ(x), x1) < ε/4 for any x ∈ I1 = [x1 − δ1, x1 + δ1]. Let x˜1 , x1 other periodic point
of φ in [x1 − δ1/2, x1 + δ1/2]. Let φ1 be the continuous map defined for x in the interval
[x˜1, x1] (or on [x1, x˜1] if x1 < x˜1) as φ1(x) = T
−1ψT (x), where T : [x˜1, x1] → [0, 1]
is the unique affine map from [x˜1, x1] onto [0, 1] (or T : [x1, x˜1] → [0, 1] is the unique
affine map from [x1, x˜1] onto [0, 1] if x1 < x˜1), φ1(x) = φ(x) if x ∈ [0, 1] \ I1, and to
extend it continuously and linearly on I1 \ [x˜1, x1] (or on I1 \ [x1, x˜1] if x1 < x˜1). Note
that d(φ, φ2) < ε/2. If mdimM([0, 1], φ|[0,1]\I1 , d) = 1, as above we can to construct a
perturbation φ2 of φ1 on a neighborhood I2 of other periodic point which is an accumulation
point of the set consisting of periodic points of φ, such that d(φ1, φ2) < ε/4. Following this
process, we can to construct a sequence of perturbations φn of φn−1 on an interval In, such
that d(φn, φn−1) < ε/2
n until that mdimM([0, 1], φ|[0,1]\
⋃n
i=1 Ii
, | · |) = 0. Then d(φn, φ) < ε.
In the same way as in Example 4.6, we can to construct a sequence of continuous maps
ψk, converging to φn as k → ∞, with zero metric mean dimension on
⋃n
i=1 Ii and such that
coincide with φ on [0, 1] \
⋃n
i=1 Ii for any k ≥ 1. Therefore mdimM([0, 1], ψk, | · |) = 0 for
any k ≥ 1 and d(ψk, φ) < ε for a large enough k, which proves the theorem. 
A consequence of Theorem 4.7 is the following corollary.
Corollary 4.8. The map mdimM : C
0(S1) → R is not continuous anywhere.
Proof. Fix φ ∈ C0(S1) with metric mean dimension less than 1 and take ε > 0. Since
the set consisting of map with some periodic point is dense on C0(S1), we can choose any
continuous map ϕ1 on S
1 with a periodic point and such that d(φ, ϕ1) < ε/2. We can modify
the first argument of the proof of Theorem 4.7, with a periodic point of ϕ1 replacing the
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role of the fixed point of φ. Hence, we can construct a continuous map ϕ on S1 with metric
mean dimension equal to 1 and such that d(φ, ϕ) < ε, which proves the corollary.
If the metric mean dimension of φ is equal to 1, we can argue as in the second part of the
proof of the above theorem. 
Now, Yano in [19] proved that the set consisting of continuous maps with infinite topo-
logical entropy defined on any manifold is residual. In particular, the set consisting of
continuous map with infinite topological entropy defined on the interval and on the circle is
residual. A corollary of the proof of the above results is:
Corollary 4.9. If X = [0, 1] or S1, then the set {φ ∈ C0(X) : mdimM(X, φ, | · |) = 1} is dense
in C0(X).
5. On the semi-continuity of the metric mean dimension
A real valued function ϕ : X → R ∪ {∞} is called lower (respectively upper) semi-
continuous on a point x ∈ X if
lim inf
y→x
ϕ(y) ≥ ϕ(x) (repectively lim sup
y→x
ϕ(y) ≤ ϕ(x)).
ϕ is called lower (respectively upper) semi-continuous if is lower (respectively upper) semi-
continuous on any point of X.
Misiurewicz in [14], Corollary 1, proved that htop : C
0([0, 1]) → R ∪ {∞} is lower semi-
continuous. For the case of the metric mean dimension we have:
Proposition 5.1. If X = [0, 1] or S1, then mdimM : C
0(X) → R is nor lower neither upper
semi-continuous. Furthermore, mdimM : C
0(X) → R is not lower semi-continuous on maps
with metric mean dimension in (0, 1] and is not upper semi-continuous on maps with metric
mean dimension in [0, 1).
Proof. In the second part of the proof of Theorem 4.7 we saw that any continuous map on
the interval with metric mean dimension equal to 1 can be approximated by a continuous
map with zero metric mean dimension. Furthermore, we also proved that any continuous
map with zero metric mean dimension can be approximated by a continuous map with
metric mean dimension equal to 1. Using the same arguments of the proof of Theorem
4.7 we can prove that any φ ∈ C0([0, 1]) with metric mean dimension in (0, 1) can be
approximated by both a continuous map with metric mean dimension equal to 1 and a
continuous map with metric mean dimension equal to 0. 
Next, Kolyada and Snoha in [9], Theorem F, showed that htop : C([0, 1]) → R ∪ {∞} is
not lower semi-continuous, endowing C([0, 1]) with the metric
D(( fi)i∈N, (gi)i∈N) = sup
i∈N
max
x∈[0,1]
| fi(x) − gi(x)|.
Furthermore, they proved in Theorem G that htop : C([0, 1]) → R ∪ {∞} is lower semi-
continuous on any constant sequence (φ, φ, . . . ) ∈ C(X). However, It follows from Proposi-
tion 5.1 that:
Corollary 5.2. If X = [0, 1] or S1, then mdimM : C(X) → R is nor lower neither upper
semi-continuous on any constant sequence (φ, φ, . . . ) ∈ C(X). Consequently, mdimM :
C(X) → R ∪ {∞} is nor lower neither upper semi-continuous.
From now on, we will consider X = [0, 1] or S1. The next example proves that there
exist non-autonomous dynamical systems on X with infinite metric mean dimension. Con-
sequently mdimM : C(X) → R ∪ {∞} is unbounded.
MEAN DIMENSION AND METRIC MEAN DIMENSION 13
Example 5.3. Take f = ( fi)i∈N on X defined by fi = ψ
2i for each i ∈ N, where ψ is the map
from Example 3.4. It is not difficult to prove that mdimM(X, f , | · |) = ∞ (see Example 3.6).
We finish this work with the next result:
Theorem 5.4. mdimM : C(X) → R ∪ {∞} is not lower semi-continuous on any non-
autonomous dynamical system with non-zero metric mean dimension.
Proof. Let f = ( fi)i∈N be a non-autonomous dynamical system with positive metric mean
dimension. Let λn be a sequence in [0, 1] such that λn → 1 and λn · · · λ1 → 0 as n → ∞.
Take gn = (λn+i fi)i∈N. Thus gn → f as n → ∞. However, for any x ∈ X, (gn)
(k)(x) → 0 as
k → ∞. Consequently, the metric mean dimension of gn is zero for each n ∈ N. 
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